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Abstract
The multi-ton-scale liquid xenon detectors, with an excellent energy resolution of a few
keV, will be constructed to probe the dark-matter particles. In this paper, we show that
precision measurements of the low-energy solar neutrinos via the elastic neutrino-electron
scattering in this kind of detectors are able to improve the present limits on neutrino
lifetimes and neutrino magnetic moments by about one order of magnitude. We carefully
study the impact of the unknown neutrino mass spectrum on the ultimate limits in the
case of non-radiative visible neutrino decays. In the case of invisible neutrino decays, the
lower bounds τ1/m1 & 3× 10−2 s/eV and τ2/m2 & 8× 10−3 s/eV at the 2σ level can be
obtained for a total exposure of 70 ton · year. Furthermore, a restrictive constraint on the
effective magnetic moment of neutrinos µeff . 2.6 × 10−12 µB, with µB being the Bohr
magneton, can be achieved. This is among the best results that will be available in the
laboratory experiments in the near future.
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1 Introduction
That neutrinos are massive particles has been firmly established by a great number of neutrino
oscillation experiments, but it remains to know whether the neutrino mass ordering is normal
(i.e., m1 < m2 < m3) or inverted (i.e., m3 < m1 < m2) and whether massive neutrinos
are Dirac or Majorana particles [1–5]. Besides the neutrino mass ordering and the Majorana
nature, other intrinsic properties of massive neutrinos are also very important for exploring the
origin of neutrino masses and the underlying new physics beyond the Standard Model (SM).
For instance, it is quite intriguing to probe how long massive neutrinos can live and how large
their electromagnetic dipole moments can be [6, 7]. In the minimal extension of the SM with
nonzero neutrino masses, the rate of the radiative neutrino decay νi → νj +γ is given by [8–10]
Γij =
(m2i −m2j)3
8pim3i
(|µij|2 + |ij|2) ≈ 5.3× (1− m2jm2i
)3 ( mi
1 eV
)3(µeff
µB
)2
s−1 , (1)
where µeff ≡
(|µij|2 + |ij|2)1/2 stands for the effective neutrino magnetic moment, µij and
ij for the transitional magnetic and electric dipole moments, and µB ≡ e/(2me) for the Bohr
magneton. Note that the neutrino masses mi and mj involved in the radiative decay νi → νj+γ
should satisfy mi > mj, otherwise such a decay process is kinematically forbidden. Given the
latest experimental data on neutrino mass-squared differences and flavor mixing angles [11], one
can obtain µeff . 10−24 µB in the limit that the lightest neutrino is massless [10]. Therefore,
the corresponding neutrino lifetime τi ≡ Γ−1i , where the total rate is Γi ≡
∑
j Γij (for j 6= i),
can be estimated as τi & 1043 years, which is much longer than the age of our Universe.
Since the effective neutrino magnetic moment µeff and the neutrino decay rate Γi are so
small in the SM with nonzero neutrino masses, any new-physics contributions that enhance
µeff and Γi to the level within the reach of current and future experiments will receive severe
constraints. It has been shown in Ref. [10] that µeff and Γi can be increased at most by a
factor of 102 and 104, respectively, in the canonical seesaw model, due to the non-unitarity
of the flavor mixing matrix of light neutrinos. In other new-physics models [12–17], the non-
radiative neutrino decays νi → νj + η with η being an invisible particle can take place and the
corresponding decay rates can be remarkably large. As the underlying new physics associated
with neutrino masses is not yet known, a phenomenological approach is usually adopted and
proves to be useful. Namely, taking the lifetime τi for the neutrino mass eigenstate νi of mass
mi to be a free parameter, one can make use of all the available experimental data to draw a
robust limit on τi for a given neutrino mass or on the combination τi/mi. It is evident that
such limits can then be applied to any particle-physics models that are constructed to explain
neutrino masses and predicting significant decay rates of massive neutrinos.
In fact, there exist a variety of constraints on the neutrino lifetimes from the observational
data, which can be summarized in three distinct categories:
• Radiative Decays (RDs) – The rate for the RD of a massive neutrino νi → νj + γ has
been given in Eq. (1), and the final-state neutrino or photon will be visible in the neutrino
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detectors or optical telescopes. In practice, the observational constraints on the RDs of
massive neutrinos can be translated into those on the effective neutrino magnetic moment
µeff and vice versa, as clearly indicated in Eq. (1). The RDs of massive neutrinos in the
Universe lead to the spectral distortion of the cosmic microwave background (CMB),
which is well known to be a nearly perfect black-body radiation. See, e.g., Ref. [18] for
an earlier study in this connection. A recent analysis of the CMB spectral data measured
with COBE-FIRAS [19] yields the lower limits on the neutrino lifetime τ21 & 1021 s
if the small neutrino mass-squared difference ∆m221 ≈ 7.5 × 10−5 eV2 is considered, or
τ32 ∼ τ31 & 1019 s for the large neutrino mass-squared difference |∆m231| ≈ 2.5×10−3 eV2,
at the 95% confidence level (C.L.). However, these limits correspond to the upper bound
on the effective neutrino magnetic moment µeff . (10−8 · · · 10−7) µB, which is weaker by
about four orders of magnitude than the astrophysical bounds µeff . 3 × 10−12 µB [20].
See Refs. [6,21] for recent reviews on the astrophysical and laboratory bounds on neutrino
magnetic moments.
• Non-Radiative Visible Decays (NRVDs) – This type of decays νi → νj + η, where the
new particle η has been safely assumed to be immune from any SM interactions, can take
place in a number of neutrino mass models, such as the singlet majoron model [12–14],
and in other new-physics scenarios [15]. However, the final-state neutrino can in principle
be observed in neutrino detectors.
• Invisible Decays (IVDs) – Massive neutrinos can also experience the IVDs into the par-
ticles all in the hidden sector, implying that neutrino mass eigenstates simply disappear
after their production. Obviously, the complete or partial disappearance of neutrinos in
various experimental and astrophysical environments will cause contradictions with the
existing neutrino observations, leading to restrictive constraints on neutrino lifetimes.
For both cases of NRVDs and IVDs, many different bounds on neutrino lifetimes have been
drawn from cosmological and astrophysical observations. First, the cosmological data on the
CMB anisotropies are favoring free-streaming neutrinos, which can be implemented to constrain
the interaction between neutrinos νi and the scalar particle η, leading to a restrictive bound
τi/mi & 4 × 1011 m250 s/eV on neutrino lifetimes [22] with m50 ≡ mi/(50 meV). It has been
further pointed out in Ref. [23] that the precise determination of absolute neutrino masses
from the cosmological observations could be the best probe of neutrino lifetimes, i.e., τi/mi &
1016 m
−5/2
50 s/eV. This has been derived by requiring that massive neutrinos should survive the
time when they become non-relativistic at the redshift of znr ≈ 100 m50. Second, the neutrino
observation of Supernova 1987A indicates at least one mass eigenstate of neutrinos should be
stable over the distance to the Earth, placing the lower bound τi/mi & 5.5× 105 s/eV [24].
In this work, we attempt to constrain neutrino lifetimes and magnetic moments via the
observations of low-energy solar neutrinos in the future large xenon detectors. Such a study
is interesting and well motivated. First, thanks to recent tremendous developments in the
direct detection of dark-matter particles, the multi-ton-scale detectors of liquid xenon will
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be constructed [25]. These large detectors are sensitive to the recoil energies of nuclei or
electrons in the range of a few keV, so they could also serve as powerful observatories to measure
low-energy solar neutrinos via the elastic neutrino-electron scattering. Second, solar neutrino
observations have already been utilized to place meaningful bounds on neutrino lifetimes [26–
30]. The most restrictive constraints on the IVDs of ν1 and ν2 have been obtained with the
combined analysis of the latest Borexino data [31, 32], KamLAND [33] and DayaBay [34],
namely, τ1/m1 & 4 × 10−3 s/eV [29] ‡ and τ2/m2 & 10−3 s/eV [30] at the 95% C.L. We show
that the detection of keV solar neutrinos will improve the present constraints on neutrino decays
by one order of magnitude, mainly due to the advantages of a low energy threshold and low
backgrounds achieved in the future xenon detectors. Other constraints from reactor neutrino
experiments [35], atmospheric neutrino and long-baseline accelerator neutrino experiments [36–
44] have been extensively discussed in the literature, while the impact of neutrino decays on
ultrahigh-energy cosmic neutrinos in neutrino telescopes has been investigated in Refs. [45–50].
Third, if the elastic neutrino-electron scattering receives an extra contribution from the effective
neutrino magnetic moment, we are able to get the upper bound µeff . 2.6×10−12 µB at the 95%
C.L., which is among the best results that can be reached in future laboratory experiments [21].
The remaining part of this paper is organized as follows. In Section 2, we briefly explain how
to observe solar neutrinos in the liquid xenon detectors, and take the DARWIN experiment as a
typical example. Section 3 and Section 4 will be devoted to the studies of neutrino decays and
neutrino magnetic moments, respectively, where the expected sensitivities of a DARWIN-like
experiment will be given. Finally, we summarize our main results in Section 5.
2 Solar Neutrinos in the Xenon Detectors
The identity and nature of the dark matter particles have been a long-standing puzzle in particle
physics, astrophysics and cosmology [51]. Recent years have seen tremendous progress in the
direct experimental searches for the weakly interacting massive particles (WIMPs), which are
currently one of the best motivated candidates for the dark matter. As was first suggested
in Ref. [52], the WIMPs can be observed via the recoil energies of heavy nuclei when the
WIMP-nucleon scattering occurs in the detector. The existing xenon detectors have already
set stringent bounds on the WIMP-nucleon scattering cross section, including LUX [53, 54],
PandaX-II [55, 56], XENON-100 [57] and its ton-scale successor XENON-1T [58]. The future
experiments will hopefully be able to reach the so-called neutrino floor, which is composed
of the irreducible backgrounds arising from solar neutrinos, atmospheric neutrinos and diffuse
supernova neutrinos. Therefore, the ongoing ton-scale and forthcoming multi-ton-scale xenon
experiments, like XENON1T [58], XENONnT [59], PandaX-4T [60], LZ [61], and DARWIN [62–
64], will be very efficient in detecting low-energy neutrinos.
In general, there exist two kinds of observables in the xenon detectors, namely, the nuclear
‡It is worth mentioning that the limits in Ref. [29] are given for the parameters di ≡ mi/τi in units of eV2,
which have now been converted into those for τi/mi in units of s/eV.
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recoil (NR) events and the electron recoil (ER) events. The NR events are induced by the
WIMP-nucleon scattering, while the ER events from the WIMP-electron scattering would be
one of the backgrounds for the former when they cannot be fully discriminated. The neutrinos
can result in both the NR and the ER backgrounds [65]. According to the energy threshold
and the target mass of the xenon detector, it can be verified that the NR neutrino background
is basically caused by those neutrinos with energies around or higher than 1 MeV, and the ER
neutrino background is mainly contributed by the low-energy solar neutrinos. As the impact
of neutrino decays and magnetic moments will be more significant for lower-energy neutrinos,
we concentrate on the ER events induced by solar neutrinos on the xenon detectors and study
the experimental sensitivities to neutrino lifetimes and magnetic moments.
In the following discussions, we shall take the DARWIN experiment [64], which is capable of
measuring the flux of solar pp neutrinos to the 1% level, as a typical example. In Ref. [63], the
physics potential of the DARWIN experiment for solar neutrinos has been discussed. However,
the expected sensitivities to neutrino lifetimes and magnetic moments have not yet been fully
explored. For the detection of low-energy solar neutrinos, the energy window of (2 · · · 30) keV
is accessible for the ER events in the DARWIN detector. In this energy range, the major
components of solar neutrinos are the pp neutrinos (91%) and the 7Be neutrinos (7.1%). For
the latter component with a total flux φ
(7Be)
tot , neutrinos are approximately mono-energetic at
384 keV (10.4%) and 862 keV (89.6%) with a negligible thermal broadening of keV. Therefore,
the spectrum of the 7Be neutrinos can be well described by
dφ(
7Be)(Eν)
dEν
= φ
(7Be)
tot [δ(Eν − 384 keV) · 10.4% + δ(Eν − 862 keV) · 89.6%] . (2)
The spectrum of pp neutrinos is well approximated as [66,67]
dφ(pp)(Eν)
dEν
= A (Q+me − Eν)
[
(Q+me − Eν)2 −m2e
]1/2
E2νF , (3)
where Q = 420 keV is the maximum energy for the neutrino, F is the Fermi function describing
the Coulomb interaction of the final-state positron, A is the normalization constant for the
neutrino flux. In this work, the solar neutrino fluxes and the corresponding errors are taken
from Table 6 of Ref. [68], where the latest nuclear reaction rates have been adopted and a new
generation of solar models have been constructed. For illustration, we choose the standard solar
model B16-AGSS09met, in which the total fluxes φ
(pp)
tot = 6.03 (1± 0.005)× 1010 cm−2s−1 and
φ
(7Be)
tot = 4.5 (1 ± 0.06) × 109 cm−2s−1 are predicted. In fact, the real spectrum will be further
modified by thermal broadening and screening effects. However, we have checked that such
corrections to the spectral shape are less than 1% and thus irrelevant for our discussions.
When solar neutrinos enter into the detectors, the most important and relevant interaction
will be the elastic scattering between neutrinos and electrons therein. In the SM, the differential
cross section for the elastic neutrino-electron scattering is given by [69]
dσ(Te, Eν)
dTe
=
2G2Fme
pi
[
g2L + g
2
R
(
1− Te
Eν
)2
− gLgR
meTe
E2ν
]
, (4)
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with gL = ±1/2+sin2 θW and gR = sin2 θW, where gL takes the plus sign for νe but the negative
sign for νµ and ντ , Eν denotes the energy of the initial neutrino, Te ≡ Ee − me is the recoil
energy of the final-state electron. The low-energy value of the weak mixing angle [70], i.e.,
sin2 θW = 0.23867
§ is adopted in our calculations, and its tiny error of O(10−4) can be ignored.
Finally, the event spectrum can be found out by integrating the product of neutrino spec-
trum in Eq. (2) or Eq. (3) and the differential cross section in Eq. (4) over the initial neutrino
energy, namely,
dN(Te)
dTe
= N0 · t ·
∑
α=e,µ,τ
∫ Emaxν
Eminν
dEν
dφα(Eν)
dEν
· dσα(Te, Eν)
dTe
, (5)
where N0 is the total number of target electrons in the detector, t is the effective running
time, Eminν = (1 +
√
1 + 2me/Te)Te/2 is the minimum neutrino energy required to have an
electron recoil energy of Te, and the integration limit E
max
ν = Q for the pp neutrinos is the
maximum neutrino energy. Here the differential flux dφα(Eν)/dEν for each neutrino flavor at
the detector receives contributions from both pp and 7Be neutrinos after flavor conversions.
In Eq. (5), the ER events induced by all three-flavor neutrinos have been taken into account.
As is well known, solar matter effects can significantly change the flavor conversions of solar
neutrinos [73]. However, for the low-energy pp and 7Be neutrinos under consideration, the
matter effects are insignificant. Even for the higher-energy 7Be neutrinos, the solar matter
effect on flavor conversions is as small as 4%, while the 7Be neutrinos constitute only about 7%
of the total flux. For the pp neutrinos, the matter effect will be much smaller, i.e., less than
1%. Although the matter effects are ignorable for solar pp and 7Be neutrinos, we include them
in our numerical calculations for completeness.
3 Constraints on Neutrino Lifetimes
As the solar matter can hardly affect the low-energy neutrinos, after their production in the
center of the Sun, they will loose quantum coherence during the long flight from the solar
center to the solar surface. Therefore, it is safe to assume that low-energy neutrinos come
out of the Sun as pure mass eigenstates. The fluxes of three neutrino mass eigenstates νi (for
i = 1, 2, 3) can be simply calculated by projecting the flux of the flavor eigenstate νe onto the
mass eigenstates. For the standard parametrization of the leptonic flavor mixing matrix U [11],
we have |Ue1|2 = cos2 θ13 cos2 θ12, |Ue2|2 = cos2 θ13 sin2 θ12 and |Ue3|2 = sin2 θ13, where θ13 ≈ 8◦
and θ12 ≈ 34◦ are two of the three neutrino flavor mixing angles. Since the component of ν3 is
determined by the small number sin2 θ13 ≈ 0.02, the impact of ν3 decays on the constraints on
§The average value of the weak mixing angle from the Z-pole measurements is well consistent with the SM
prediction [71], while some other low energy measurements are not. If we implement the central value and
the uncertainty directly from the low energy measurement of the parity nonconservation in Cesium [72], i.e.
sin2 θW = 0.2356(20), the O(1%) error will lead to an O(0.5%) uncertainty in the final ER events, which is
slightly smaller than the uncertainty caused by the solar neutrino fluxes. The impact of including this error has
been found to be negligible for our results of the sensitivities.
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the lifetimes of ν1 and ν2 can be neglected [73]. For clarity, we take ν3 to be absolutely stable
and focus on the other two mass eigenstates ν1 and ν2 in this work. The effects of ν3 decays
will be briefly discussed in Section 3.3.
3.1 Invisible Decays
First, let us start with the IVD scenario, in which the decay products are completely invisible
to the detector. In this case, the daughter particles could be sterile neutrinos or some other
exotic particles in the hidden sector. As a consequence, the decaying neutrino mass eigenstates
will simply disappear, and the survival probabilities of three neutrino mass eigenstates read
Pe1 = cos
2 θ13 cos
2 θ12exp
(
−L
E
· m1
τ1
)
,
Pe2 = cos
2 θ13 sin
2 θ12exp
(
−L
E
· m2
τ2
)
, (6)
Pe3 = sin
2 θ13 ,
where the exponential factors arise from neutrino decays, L ≈ 1.496 × 108 km is the distance
from the Sun to the Earth ¶, τi is the lifetime of νi with the mass mi (for i = 1, 2). To include
the solar matter effect, we have to replace the mixing angles of Eq. (6) in vacuum by their
effective values in the solar matter, i.e., θij → θ˜ij (for ij = 12, 13). The effective mixing angles
θ˜ij can be solved by using the realistic density profile of the Sun. One can see Ref. [74] for
more discussions. Note that the IVDs of ν3 have been ignored in Eq. (6), as we have explained
before. The differential fluxes of neutrino mass eigenstates at the Earth can be obtained via
dφi
dE
=
dφ
dE
· Pei , (7)
for i = 1, 2, 3, where dφ/dE is the original solar neutrino flux of νe, given by Eq. (2) for the
7Be neutrinos and Eq. (3) for the pp neutrinos. For the neutrino detection at the Earth, the
mass eigenstates are projected onto their flavor states according to
dφα
dE
=
∑
i
dφi
dE
· |Uαi|2 , (8)
for α = e, µ, τ . The fluxes in Eq. (8) are then used in Eq. (5) to calculate the ER event rate.
In Fig. 1, we have shown the energy spectra of νi from the solar pp neutrinos (the left panel)
and the event spectra of the elastic neutrino-electron scattering in the DARWIN detector in
the energy window of (2 · · · 30) keV (the right panel). In both panels of Fig. 1, the dashed
curves stand for the standard case of stable neutrinos, while the solid curves for the cases of
neutrino decays. For illustration, only the IVDs of ν1 are considered for τ2/m2 = 10
−2 s/eV
or τ2/m2 = 10
−3 s/eV. Since the IVDs of neutrino mass eigenstates lead to a less number of
active neutrinos at the detector, the number of ER events should be reduced accordingly, as
clearly indicated in the right panel of Fig. 1.
¶As the distance from the Sun to the Earth is about 103 times longer than the solar diameter, we can safely
take this value as the distance from the production point of solar neutrinos to the detector at the Earth.
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Figure 1: The energy spectra of neutrino mass eigenstates ν1 (red curves), ν2 (blue curves)
and ν3 (green curves) arriving at the Earth from solar pp neutrinos are presented in the case
of invisible decays with τ2/m2 = 10
−2 s/eV (Left Panel). The dashed curves stand for the case
of stable neutrinos and the solid ones for the case of neutrino decays. The event spectra of
the elastic neutrino-electron scattering in the xenon detector are calculated for the cases with
τ2/m2 = 10
−2 s/eV and τ2/m2 = 10
−3 s/eV, where the latter corresponds to the case of a
nearly complete decay of ν1 (Right Panel).
3.2 Non-Radiative Visible Decays
Then, we proceed to investigate the case of NRVDs, for which the energy spectra of neutrino
mass eigenstates will be changed in a relatively more complicated way. Such kinds of decays take
place in various new-physics models, and can be represented by νi → νj + η, where η denotes
the particle invisible in the detector. In the majoron models, η could be a massless or very
light pseudo-scalar particle. However, our results will also be applicable to a more general case
with η being either a scalar or vector particle. The NRVDs of neutrinos are more interesting in
several aspects, such as the roles played by the unknown neutrino mass ordering and neutrino
mass spectrum, which have not been sufficiently emphasized in the previous works [26–30].
Therefore, we pay more attention to this scenario and carry out a more careful study.
3.2.1 Normal mass ordering
If the normal neutrino mass ordering with m1 < m2 < m3 (NO) is assumed, the lightest
neutrino mass eigenstate ν1 will be stable. Then, we have two different decay channels for the
heaviest state ν3, i.e., ν3 → ν1 + η and ν3 → ν2 + η, and only one decay channel for ν2, i.e.,
ν2 → ν1 +η. Since the component of ν3 is highly suppressed in solar neutrinos, the only relevant
decay channel is just ν2 → ν1 + η. As we shall explain below, the energy of the final-state ν1 in
the laboratory frame depends on the mass spectrum of ν1 and ν2 [26], given a vanishing mass
8
of η (as in a class of majoron models).
In the rest frame of ν2, the energies of η and ν1 are given by E
′
η = |p′| = (m22 −m21)/(2m2)
and E ′1 =
√|p′|2 +m21 with p′ being the three-momentum of η, respectively. In the laboratory
frame, the energy of η turns out to be Eη = γ(E
′
η + β|p′| cos θ), where the Lorentz factor is
γ = E2/m2 and β = |p2|/E2 with p2 being the three-momentum of the decaying neutrino
ν2. Here θ is the angle between p
′ and p2. Note that neutrino masses are much smaller than
neutrino energies in the laboratory frame, i.e., mi  Ei, which is not far from reality in the
case of solar neutrinos. Therefore, it is straightforward to figure out
Eη =
E2
2
(
1− m
2
1
m22
)(
1 +
√
1− m
2
2
E22
cos θ
)
≈ E2
2
(
1− m
2
1
m22
)
(1 + cos θ) , (9)
from which one can obtain the minimum and maximum energies of η, namely, Eminη ≈ 0 and
Emaxη ≈ E2(1 − m21/m22). Because of the energy conservation E2 = E1 + Eη, we can observe
that the energy of ν1 should be in the range of (m
2
1/m
2
2)E2 ≤ E1 ≤ E2, and similar expressions
can be found in Ref. [75]. As an immediate consequence, the daughter neutrino ν1 will carry
away most of the energy of ν2 when the mass ratio m1/m2 is close to one [26].
The energy distribution of the produced ν1 in the laboratory frame is determined by the
angular distribution of ν1 in the rest frame of ν2, while the angular distribution depends on
the properties of the interaction between neutrinos and the invisible particle η. Given the
interaction forms, one can immediately find the expressions of the energy dependence of the
decay rate in Refs. [38, 76–79]. Without specifying any new-physics models, we assume that
the angular distribution of final-state particles is isotropic in the rest frame of ν2. It is very
straightforward to extend our discussions to any specific models. However, as our main purpose
in this work is to study the general sensitivities of the next generation xenon detectors, we will
not elaborate on a specific model of neutrino decays. Therefore, in the assumption of isotropic
angular distribution, the decay rate of ν2 has no dependence on the energy of the final ν1
according to Eq. (9). After taking account of the decays ν2 → ν1 + η and the resultant energy
distribution of ν1, we can find out the energy spectra of neutrino mass eigenstates at the Earth
dφ2
dE
=
dφ02
dE
exp
(
−L
E
· m2
τ2
)
,
dφ1
dE
=
dφ01
dE
+
∫ E′max
E′min
dφ02
dE ′
[
1− exp
(
− L
E ′
· m2
τ2
)]
1
1−m21/m22
dE ′
E ′
, (10)
where dφ0i /dE = dφ/dE · |Uei|2 (for i = 1, 2) stand for the reference spectra without neutrino
decays, E ′min = E, and E
′
max = (m
2
2/m
2
1)E. In Fig. 2, the energy spectra of νi (for i = 1, 2, 3)
are displayed for different values of the mass ratio m1/m2: (1) the hierarchical scenario with
m1/m2 = 0 (the upper-left panel); (2) the intermediate scenario with m1/m2 = 0.5 (the upper-
right panel); and (3) the nearly-degenerate scenario with m1/m2 = 0.999 (the lower-left panel).
Some comments on the numerical results are in order:
• In the hierarchical scenario with m1/m2 = 0, one can observe from the upper-left panel
of Fig. 2 that the low-energy end of the spectrum of ν1 is enhanced significantly. The
9
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Figure 2: The energy spectra of neutrino mass eigenstates arriving at the Earth from solar pp
neutrinos in the case of non-radiative visible decays with normal neutrino mass ordering but
different mass ratios: (1) m1/m2 = 0 (Upper-left Panel), (2) m1/m2 = 0.5 (Upper-right Panel),
and (3) m1/m2 = 0.999 (Lower-left Panel), where ν2 → ν1 + η with τ2/m2 = 2× 10−3 s/eV is
assumed. The dashed curves stand for the case of stable neutrinos and the solid ones for the
case of neutrino decays. The light red curves represent the contribution to the ν1 spectrum
from the decays of ν2’s. The event spectra for different values of m1/m2 ∈ [0, 1) have been
given in the lower-right panel.
main reason is that ν2’s with much lower energies are more likely to decay for a given
lifetime τ2/m2 = 2 × 10−3 s/eV during the flight to the Earth. The contribution to the
ν1 spectrum from the decays of ν2’s has been represented by the light red curve. In other
two scenarios, similar curves have also been drawn for reference.
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• For m1/m2 = 0.5, although the lower-energy ν2’s will decay into ν1’s, the latter will be
more energetic as we have mentioned before. Therefore, the final ν1 spectrum has been
shifted towards the high-energy part. On the other hand, the cross section of the elastic
neutrino-electron scattering increases for higher neutrino energies, so the event rate turns
out to be larger than that in the previous case of a smaller mass ratio.
• For the nearly-degenerate scenario with m1/m2 = 0.999, the final energy spectrum of
ν1’s is further modified via the contribution from the decays of ν2’s and the event rate
becomes even larger. The event rates for an arbitrary mass ratio in the whole range of
m1/m2 ∈ [0, 1) have been given in the lower-right panel of Fig. 2. However, it should be
noticed that the lifetime τ2/m2 = 2×10−3 s/eV is always fixed. In the limit of m1 → m2,
the phase space for the decay process ν2 → ν1 + η becomes vanishingly small, one has to
increase the coupling between neutrinos and η in order to guarantee a sizable decay rate
Γ2 ≡ τ−12 . In a specific model, we could run into the problem that an extremely large
coupling constant leads to the invalidity of a perturbative calculation of the decay rate.
Consequently, although the event rate in the nearly-degenerate scenario is much larger
than that in the standard case without neutrino decays, we shall not expect a severe
constraint on the coupling constant.
If a shorter lifetime τ2/m2 = 2 × 10−4 s/eV is considered, ν2’s could almost completely decay
into ν1’s and we find that the deviation of the event rate from that in the standard case can
reach about 6% in the optimal scenario. For more general cases, we leave a thorough study of
the experimental sensitivities to neutrino lifetimes for Section 3.3.
3.2.2 Inverted mass ordering
Now we come to the inverted neutrino mass ordering (IO) with m3 < m1 < m2. In this case,
the possible decay channels are (1) ν2 → ν1 + η and ν2 → ν3 + η, with the partial decay
widths Γ21 ≡ τ−121 and Γ23 ≡ τ−123 , respectively; and (2) ν1 → ν3 + η, with the decay width
Γ1 ≡ τ−11 . Since the cross section of ν3’s interacting with electrons in the detector is suppressed
by sin2 θ13 ≈ 0.02, the decays of ν2 and ν1 into ν3 are similar to the IVDs. In addition, given
∆m221 ≡ m22 −m21 ≈ 7.5 × 10−5 eV2 and ∆m231 ≡ m23 −m21 ≈ −2.5 × 10−3 eV2 in the IO case,
one can calculate the neutrino mass ratio
m1
m2
=
√
m23 + |∆m231|
m23 + ∆m
2
21 + |∆m231|
& 0.985 , (11)
implying a nearly-degenerate mass spectrum for ν1 and ν2. As we have discussed in the previous
section, ν1 will take away most of the energy of ν2 in the decay of ν2 → ν1 + η with η being
a massless particle. In consideration of ν1 and ν2 decaying into ν3, the mass ratios m3/m2 ≈
m3/m1 are important to derive the final energy spectrum of ν3’s. As we have pointed out,
however, the interaction of the latter with electrons is highly suppressed and we need not to
worry about the true neutrino mass spectrum.
11
0 100 200 300 400 500
0.5
1
1.5
2
Eν (keV)
dϕ i(pp) /
dE
ν(cm
-2 s
-1 k
eV
-1 ×1
08
)
ν1
ν2
ν3
τ2/m2 = 5×10-4 s/eV
f = 0.5
2 5 10 20 30
2
3
4
Te (keV)
ev
en
ts
(ton-
1
ye
ar
-1 k
eV
-1 )
τ2/m2 = 5×10-4 s/eV
f = 0.5
std
f = 0
Figure 3: The energy spectra of neutrino mass eigenstates arriving at the Earth from solar
pp neutrinos in the case of non-radiative visible decays with inverted neutrino mass ordering,
where the branching fraction f = 0.5 for ν2 → ν1 + η and τ2/m2 = 5× 10−4 s/eV are assumed
(Left Panel). The dashed curves stand for the case of stable neutrinos and the solid ones for
the case of neutrino decays. The event spectra in the cases of f = 0 and f = 0.5 have been
calculated for τ2/m2 = 5× 10−4 s/eV (Right Panel).
Without loss of generality, we take the neutrino mass spectrum to be nearly degenerate (i.e.,
m3 ∼ m1 ∼ m2). The survival probabilities of three neutrino mass eigenstates are found to be
Pe2 = cos
2 θ13 sin
2 θ12exp
(
−L
E
· m2
τ2
)
,
Pe1 = cos
2 θ13 cos
2 θ12exp
(
−L
E
· m1
τ1
)
+
Pe2f(
1− m1
τ1
· τ2
m2
) {exp [(m2
τ2
− m1
τ1
)
L
E
]
− 1
}
,(12)
and Pe3 = 1 − Pe2 − Pe1 ‖, where f ≡ Γ21/(Γ21 + Γ23) is the branching ratio of the ν2 → ν1
decay. The derivation of Eq. (12) can be found in Appendix A. As has been mentioned before,
the energy spectra dφi/dE of neutrino mass eigenstates can be obtained via dφ/dE · Pei for
i = 1, 2, 3, where dφ/dE denotes the original spectrum of solar neutrinos νe. In Eq. (12), the
second term in the expression for Pe1 arises from the interplay between the production of ν1
from the ν2 decays and the subsequent decay of ν1 itself.
‖Since the neutrino mass spectrum is assumed to be nearly degenerate in the IO case, the daughter neutrino
will have an energy almost the same as the parent neutrino energy. For the scenario of NRVDs, the total
survival probability of three active neutrinos at any given energy is conserved, e.g., the number of the decayed
ν1 via the process ν1 → ν3 + η will be fully converted to that of the ν3 being produced. Therefore, it is a good
approximation to have the relation Pe1 + Pe2 + Pe3 = 1, as can also be seen from Eq. (19) in Appendix A.
The situation is different from Ref. [80] where the active neutrinos are assumed to decay into purely invisible
components as in our IVD scenario.
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In Fig. 3, we have given the energy spectra of neutrino mass eigenstates arriving at the
Earth in the NRVD case with the IO (the left panel), and the corresponding event spectra have
been calculated for two different branching ratios f = 0 and f = 0.5 (the right panel). In both
panels, the lifetime τ2/m2 = 5× 10−4 s/eV has been assumed. Since neutrino oscillation data
point to |Ue1|2 ≈ 0.67 > |Ue2|2 ≈ 0.31, which means that the interaction of ν1 with electrons
will be twice stronger than that of ν2, the increase of the ν1 number from the ν2 → ν1 decays
will enhance the event rate. On the other hand, the ν2 → ν3 and ν1 → ν3 decays are almost
equivalent to the invisible decays, reducing the event rate. As a result, for the branching
fraction f = 0.5, both ν2 → ν1 and ν2 → ν3 decays take place and the final event rate deviates
only slightly from the standard one. The results for f = 0 are similar to those in the case of
IVDs, as shown in the right panel of Fig. 1.
3.3 Experimental Sensitivities
After summarizing the main features of both IVDs and NRVDs in the previous sections, we
now perform a statistical study of the experimental sensitivities to neutrino lifetimes in these
scenarios. Taking the liquid xenon part of the DARWIN experiment for example, we assume a
total liquid xenon mass of 21.4 tons, with a fiducial mass of 14 tons, and the ER energy window
of (2 · · · 30) keV. It has been found in Ref. [63] that such a fiducial mass of liquid xenon would
be almost optimal to achieve a relatively large number of solar neutrino events while keeping
a low background from the cryostat and detector materials. See Fig. 2 in Ref. [63] for more
details. The major backgrounds, which have already been summarized in Table. 1 of Ref. [62]
and Table. 2 of Ref. [63], are coming from the radioactivities of 85Kr and 222Rn, the γ-ray
materials, and the double-beta decays of 136Xe. The corresponding background rates in the
unit of counts per ton ·year ·keV are 1.44 for 85Kr, 0.35 for 222Rn, 0.054 for γ-ray materials, and
0.12 (Te/1 keV) for double-beta decays of
136Xe, which will be used in our sensitivity study.
Since the ER events in the xenon detector cannot be fully discriminated from the NR events yet,
the NR events from the neutrino floor should also be a background. However, its contribution
to the background at the level of O(10−3) is negligible assuming no ER/NR discrimination [63].
This type of background can be further reduced by using the discrimination technique.
For the total exposure of 70 ton · year, equivalent to the detector with a fiducial mass of 14
tons running for five years, the expected number of solar neutrino events is about 6600, while
that of the background events is about 7500, in the chosen energy window of (2 · · · 30) keV.
The precision for the solar pp neutrino flux can reach the level of 1.8%, which is about three
times worse than current uncertainties in the theoretical predictions of the pp neutrino flux. To
properly take into account the distortion of the event spectrum in the hypothesis of neutrino
decays, we divide the energy window of (2 · · · 30) keV into 28 bins in a uniform way. The
theoretical prediction for the event number in the ith bin, i.e., Ri(τ/m), is calculated by
assuming neutrino decays in each scenario, while the experimental observation Riex is determined
as in the standard case without neutrino decays. In order to characterize the experimental power
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Figure 4: The expected sensitivities of a DARWIN-like xenon experiment to neutrino lifetimes
(τ1/m1, τ2/m2) in the case of invisible decays, where the exposure of 70 ton · year and the ER
energy window (2 · · · 30) keV have been adopted. The solid (dashed) contours stand for the
constraints with (without) considering theoretical errors of solar neutrino fluxes and θ12, where
the 1σ, 2σ, and 3σ contours are represented by thin, medium, and thick curves, respectively.
to constrain neutrino decays, we construct the χ2 function as follows
χ2 =
bins∑
i,j
[
Ri(τ/m)−Riex
]
(σ2)−1ij
[
Rj(τ/m)−Rjex
]
, (13)
where σ2 is the covariance matrix of total errors. The statistical error u2i for each energy bin is
assumed to be uncorrelated with those for any other bins, i.e., σ2ex = δijuiuj.
In addition, two types of theoretical errors in the physics input are taken into account. First,
the flavor mixing angle θ12 will be very precisely measured by JUNO, which is able to achieve an
unprecedented precision about 0.3% for sin2 θ12 by around 2026 [81, 82]. The influence of such
a small error on the ultimate sensitivity of the DARWIN-like experiment should be negligible.
Second, only two main components of low-energy solar neutrinos are relevant, namely, the pp
neutrinos and the 7Be neutrinos, which account for about 91% and 7% of the total solar neutrino
flux, respectively. The theoretical errors for the pp and 7Be neutrino fluxes are estimated in the
standard solar model to be 0.5% and 6% [68], where an anti-correlation between the flux errors
of pp and 7Be neutrinos can be observed. In our analysis, this anti-correlation is ignored. Since
the anti-correlation could help us to reduce the theoretical error of the total neutrino flux, the
results obtained by ignoring it is somehow more conservative. For comparison, we shall present
both results with and without the aforementioned theoretical errors.
In Fig. 4, the expected sensitivities to the neutrino lifetimes (τ1/m1, τ2/m2) have been shown
in the case of IVDs. The exposure of the xenon detector is 70 ton · year. Since neutrino mass
eigenstates ν1 and ν2 will simply disappear, there should be a degeneracy in the contributions
from ν1 and ν2 decays to the reduction of the ER events at the detector. Consequently, the
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Figure 5: The expected sensitivities of a DARWIN-like xenon experiment to the neutrino
lifetime τ2/m2 with respect to the mass ratio m1/m2 in the non-radiative visible decay case with
normal neutrino mass ordering (Left Panel), and to (τ1/m1, τ2/m2) in the same case but with
inverted neutrino mass ordering (Right Panel). The experimental setup and the conventions
for the contours are the same as those in Fig. 4, and the branching ratio f for ν2 → ν1 decays
has been marginalized over in the case of inverted mass ordering.
allowed parameter space is approximately symmetric between τ1/m1 and τ2/m2. At the 2σ
level, the constraints turn out to be τ1/m1 & 3× 10−2 s/eV and τ2/m2 & 8× 10−3 s/eV. The
difference between these two constraints can be mainly ascribed to the fact cos2 θ12 ≈ 2 sin2 θ12
for θ12 ≈ 34◦. The contours for the case of ignoring theoretical errors in the mixing angle and
the initial neutrino fluxes are represented by the dashed curves, which almost overlap with the
solid curves for the results including those errors.
In Ref. [83], it has been suggested that the cross section of the elastic neutrino-electron
scattering could be reduced by about 23% for the bound-state electrons in the xenon atoms,
compared to that for free electrons. If such a change in the cross section is taken into account,
we find that the χ2 values will in general be decreased by about 65%. The lower bounds derived
in the previous analysis are reduced only by a factor of two, i.e., τ1/m1 & 1.5× 10−2 s/eV and
τ2/m2 & 4 × 10−3 s/eV at the 2σ level. This conclusion applies as well to the constraints in
other scenarios, if the impact of bound-state electrons on the cross section is considered.
In Fig. 5, we show the exclusion curves for neutrino lifetimes in the case of NRVDs with
NO (the left panel) and those with IO (the right panel). In the former case, if the mass ratio
is small enough, i.e., m1/m2 . 0.23, there is essentially no limit on τ2/m2 at the 2σ level.
However, the 1σ lower bound τ2/m2 & 10−3 s/eV can still be obtained. On the other hand, if
the mass spectrum is nearly degenerate, one can see τ2/m2 & 4× 10−3 s/eV at the 2σ level. As
we have emphasized before, the coupling constant between neutrinos and the massless particle
in the hidden sector should be very large in order to compensate for the tiny phase space in
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the limit of m1/m2 → 1. So the experimental bound on the coupling will be extremely weak.
The sensitivities to (τ1/m1, τ2/m2) in the IO case have been presented in the right panel of
Fig. 5. In our statistical analysis, the branching fraction f for ν2 → ν1 decays is marginalized
over its allowed range of [0, 1] to minimize the χ2 value. At the 2σ level, we observe a lower
bound τ1/m1 & 8 × 10−3 s/eV for a short lifetime of ν2 (e.g., τ2/m2 . 10−3 s/eV), but the
bound becomes slightly tighter, namely, τ1/m1 & 2 × 10−2 s/eV, for a rather stable ν2 (e.g.,
τ2/m2 & 1 s/eV). This feature can be understood by noticing that the branching ratio f can
always be optimized to balance the increase in the event number from the ν1 production and
the decrease from the invisible decays into ν3.
A useful remark should be made on the assumption of a stable ν3 in the previous discussions.
This will simplify the decay patterns of neutrinos, and the statistical analysis as well by reducing
the number of fitting parameters, namely, τ3/m3 and the branching ratio for different decay
channels. To estimate the impact of relaxing this assumption, we have made a comparison
with the scenario of ν3’s decaying into ν1’s, which is relevant for our discussions about the
NRVDs with the NO. It turns out that the change in the χ2 value is only about 0.6, which is
comparable to the difference between the solid and dashed curves in Fig. 4 and Fig. 5. Finally,
it is worthwhile to mention that the particle η in the NRVD case is assumed to be massless for
simplicity. As we have demonstrated for ν2 → ν1 + η decays, the mass ratio m1/m2 plays an
important role. For the same reason, the ratio of mη to absolute neutrino masses mi should also
be taken into full consideration when a concrete model of neutrino decays and the interactions
beyond the SM are given.
4 Constraints on Neutrino Magnetic Moments
As we have already stressed in the introduction, the RDs of massive neutrinos are intimately
related to their electromagnetic properties. Therefore, the investigation of experimental con-
straints on neutrino magnetic moments in this section can be viewed as an independent and
complementary study of the neutrino RDs. Current limits on neutrino magnetic moments have
been derived, based on a variety of observations from astrophysics, cosmology and particle-
physics experiments in terrestrial laboratories [20,21].
First, if massive neutrinos are Dirac particles, the right-handed neutrino components would
be efficiently produced in the primordial magnetic fields [84–86]. These extra components con-
tribute to the effective degrees of freedom in radiation, which should be severely constrained by
the Big Bang Nucleosynthesis [11] and CMB [87] observations. For instance, for the primordial
magnetic field B0 = 10
−14 G and the size of the magnetic field domain λ = 1 Mpc [21], the upper
bound µeff . 10−16 µB can be derived. Second, the plasmon decaying into neutrinos in the glob-
ular clusters can be implemented to set a 1σ limit of µeff . (2.2 · · · 2.6)× 10−12 µB [20,88–90],
which is as stringent as that from the neutrino observations of Supernova 1987A [91]. Finally,
the GEMMA experiment [92] yields the limit µeff . 2.9×10−11 µB by observing the low-energy
ER events caused by reactor neutrinos, and the future GEMMA-III project may improve the
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Figure 6: Illustrations for the event rates of the elastic neutrino-electron scattering in the
DARWIN-like experiment for two different values of the neutrino magnetic moment µeff =
3 × 10−12 µB and µeff = 5 × 10−12 µB, where the event rate in the SM has been shown as the
dashed curve.
sensitivity to µeff . 9×10−12 µB by further lowering down the energy threshold and shortening
the distance between the reactor and the detector [6].
The Borexino observation of low-energy solar neutrinos places a useful constraint on the
neutrino magnetic moment [74, 93–96], while the most recent bound [74, 93] has been updated
with the Borexino-II data [97], namely, µeff . 10−11 µB at the 90% C.L. As is well known,
neutrinos with lower energies will be advantageous in constraining neutrino lifetimes and mag-
netic moments, so the experiments for the direct detection of dark-matter particles are suitable
for this task. In the literature, the dark-matter experiments have been implemented to probe
non-standard neutrino interactions [98–104]. It is worth mentioning that Ref. [103, 104] have
explored the possibility to examine neutrino magnetic moments via the NR events in the xenon
detector, e.g., Fig. 4 in Ref. [103] and Fig. 11 in Ref. [104]. However, the sensitivity will be
competitive only if the threshold of the NR energy is as low as 10−3 keV, which is far below
the typical value at present.
Now suppose that the ER events in the xenon detector are induced by the solar neutrinos
via both weak and electromagnetic interactions. In particular, the contributions from neutrino
magnetic moments will be dominant at low energies. The differential cross section reads [6]
dσm(Te, Eν)
dTe
=
piα2
m2e
(
µeff
µB
)2(
1
Te
− 1
Eν
)
, (14)
where α is the fine-structure constant and µeff is the effective neutrino magnetic moment, which
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Figure 7: The χ2 distribution for the effective neutrino magnetic moment µeff (Left Panel),
which is supposed to be responsible for the ER events in a DARWIN-like experiment, and the
future 1σ, 2σ and 3σ upper bounds with respect to the total exposure (Right Panel). The solid
(dashed) curve in the left panel stands for the χ2 with (without) theoretical errors.
has been defined as follows
µ2eff =
∑
ij
|Uei|2
(|µij|2 + |ij|2) . (15)
Note that the definition of µeff in Eq. (15) is different from that in Eq. (1). These definitions will
become almost identical when the transitional electric and magnetic dipole moments are on the
same order of magnitude and the unitarity condition |Ue1|2 + |Ue2|2 + |Ue3|2 = 1 is satisfied. The
complete determination of all the individual electric and magnetic dipole moments will be very
challenging, so we follow the definition of µeff in Eq. (15) and try to extract the experimental
bound on it in this section.
In Fig. 6, the event spectra in a DARWIN-like experiment have been given for two different
values of the neutrino magnetic moment, namely, µeff = 3× 10−12 µB and µeff = 5× 10−12 µB.
As we expect, the events rate is larger for lower recoil energies, and the deviation from that
with the standard interaction can be as large as 15% in the case of µeff = 3× 10−12 µB.
Following the similar procedure for a statistical analysis in the previous section, we attempt
to constrain neutrino magnetic moments. The future sensitivity has been plotted in left panel
of Fig. 7, where one can observe that the 2σ upper bound is µeff . 2.6 × 10−12 µB, which
means one order of magnitude improvement of the Borexino constraint and is comparable to
the astrophysical bound. Although this is already among the best results that will be available
in the near future, it seems quite difficult to further increase the experimental sensitivity. For
example, as shown in the right panel of Fig. 7, even for a double exposure of 140 ton · year, the
upper limit would only be slightly improved to be µeff . 2.3× 10−12 µB.
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5 Summary
Motivated by the recent tremendous progress in the direct searches for dark-matter particles, we
have performed a sensitivity study of the future large xenon detectors to the intrinsic properties
of massive neutrinos, such as neutrino lifetimes and magnetic moments, via the detection of
low-energy solar neutrinos.
For a DARWIN-like experiment, which is capable of observing the electron-recoil events
in the energy window of (2 · · · 30) keV, we derive the expected experimental constraints on
the parameters τi/mi in different scenarios of neutrino decays. For the invisible decays, the
lower bounds τ1/m1 & 3 × 10−2 s/eV and τ2/m2 & 8 × 10−3 s/eV at the 2σ level can be
obtained. These limits are better by about one order of magnitude than those derived from
current neutrino oscillation experiments including Borexino, KamLAND and DayaBay. For the
non-radiative visible decays, we have emphasized the important role played by the unknown
neutrino mass spectrum. If the neutrino mass spectrum is hierarchical in the case of normal
mass ordering, the constraints on neutrino lifetimes are very weak. If the mass spectrum is
nearly degenerate, the bound τ2/m2 & 3 × 10−3 s/eV at the 2σ C.L. can be derived. For the
inverted mass ordering, only the ν1 decays can be actually constrained, i.e., τ1/m1 & 10−2 s/eV.
Finally, for a total exposure of 70 ton · year, the 2σ upper bound on the neutrino magnetic
moment has been found to be µeff . 2.6× 10−12 µB. This is among the best limits that can be
obtained from the laboratory experiments in the near future.
The detection of low-energy neutrinos is one of the most important directions in neutrino
physics. As for solar neutrinos, the thermal fluxes around the keV energies have been calculated
in Ref. [105], and the final detection of these neutrinos should be very helpful in exploring the
intrinsic properties of massive neutrinos. In this connection, the developments in the dark-
matter experiments, as well as in the atomic physics and quantum optics, will hopefully provide
us with new possibilities soon.
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Appendix A: Derivation of Eq. (12)
For the NRVDs in the IO case, there are three relevant decay processes, i.e., ν2 → ν1 + η,
ν2 → ν3 + η, and ν1 → ν3 + η. As has been mentioned before, the masses of ν1 and ν2 are
nearly degenerate and thus the daughter neutrino will have an energy very close to the mother
neutrino energy for the decay process ν2 → ν1 + η. However, the mass ratio of m3/m1 or
m3/m2 can be either small or close to one. For definiteness, we assume that the neutrino mass
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spectrum is nearly degenerate, i.e., m1 ∼ m2 ∼ m3. In this case, the energy distribution of the
daughter neutrino is peaked around the mother neutrino energy for all three decay processes.
Under such an assumption, we can write down the evolution equations of the neutrino fluxes
d
dt
(
dφ1
dE
)
=− dφ1
dE
· m1
τ1E
+
dφ2
dE
· m2f
τ2E
, (16)
d
dt
(
dφ2
dE
)
=− dφ2
dE
· m2
τ2E
, (17)
d
dt
(
dφ3
dE
)
=
dφ1
dE
· m1
τ1E
+
dφ2
dE
· m2(1− f)
τ2E
, (18)
where t is the flight time of neutrinos, the factor of mi/E (for i = 1, 2) arises from the time
dilation effect in the laboratory frame, and f denotes the branching fraction of ν2 → ν1 decays.
The total probability is conserved due to
d
dt
(
dφ1
dE
+
dφ2
dE
+
dφ3
dE
)
= 0 . (19)
Using the initial condition of dφ0i /dE = |Uei|2 · dφ/dE, we can solve the neutrino fluxes at
any flight time by integrating the above differential equations. More explicitly, one can first
integrate Eq. (17) to easily get the expression of dφ2/dE and then substitute it into Eq. (16)
to obtain dφ1/dE. The result of dφ3/dE can be simply derived from dφ1/dE and dφ2/dE with
the help of the probability conservation in Eq. (19). Dividing the final results by the original
flux dφ/dE, we can then obtain those expressions in Eq. (12).
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